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Abstract 
Embedding a graph in a book is an arrangement of vertices in a line along the spine of the 
book and edges on the pages in such a way that edges residing on the same page do not cross. 
Each nontrivial graph has many different embeddings inbooks. The embedding with minimum 
number of pages and with minimum width is optimal. Chung et al. in Embedding raphs in 
books: a layout problem with applications to VLSI design (1987), described a general method 
for embedding the complete graph K, in a book of width n with [-n/27 pages. The paper presents 
a simple and effective method for optimum embedding of width n - 3 of any complete graph K. 
in a book with n/2 pages for even n and (n + 1)/2 pages for odd n. It is also proved that the set of 
complete graphs is a proper subset of the set of graphs for which the presented algorithm gives 
an optimal number of pages. 
Keywords: Book embedding; Graph embedding; Complete graphs 
AMS classifications: 05C99; 68R10; 94C 15 
I. Introduction 
A book embedding of a graph consists of an embedding of its vertices along the 
spine of the book and an embedding of its edges on the pages o that edges embedded 
on the same page do not intersect [2, 4]. 
Each nontrivial graph has many book embeddings. The differences between these 
embeddings arise from the order of the vertices along the spine and from the layout of 
the edges on the pages. The main problem is to find an embedding that uses minimum 
number of pages (the minimum number of pages for a given graph is also called the 
book thickness of a graph, bt) and the minimum width of a book, bw. The width of 
a book embedding is the maximum number of edges that cross any line perpendicular 
to the spine of the book on any page. The cumulative pagewidth (cpw) is the sum of 
the widths of all pages (the width of the page i (pwi) is the maximum number of edges 
that cross any line perpendicular to the spine of the book on page i). 
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Optimization of embedding raphs in books may be important in several tech- 
nical applications, e.g. sorting with parallel stacks [8], single-row routing [1, 5, 7], 
fault-tolerant processor array design [6] or layout problem with application to VLSI 
[3,4]. 
Every graph is a subgraph of the complete graph, so finding a way for embedding 
complete graphs is particularly important. Such a method may be used for embedding 
any graph. The result will not in many cases be optimal but it may be used as 
a starting point or as a reference for other algorithms. 
2. Method 
Chung et al. in [4] described a general method for embedding the complete graph 
K~ in a book of width n with In/2-] pages. Here, we improve their on result by 
presenting in detail the embedding of K~ in a book of width n - 3 and exhibiting the 
values of the following parameters: 
• width of page i - -  pwi; 
• minimum width of the page; 
• maximum width of the page - -  width of the book - -  bw; 
• cumulative pagewidth of the embedding - -  cpw. 
We will show the construction of the embeddings for n greater than 41. 
The pages will be numbered 1, 2 . . . .  ,rn/2].  Let Pi,j denote the number of the page 
containing the edge ei,j which joins vertices i and j (i < j). The vertices 1, 2 . . . . .  n of the 
complete graph appear on the spine in the natural order. 
In order to describe the embedding, we now give the values of the page numbers Pi,j 
for each edge eid of the complete graph. 
The numbers of  pages for  the edges 2
pl,n = In /4 J  + 2 (1.1) 
for i~<l ,n -  1) 
p,j+, = (i + 2)mod~(n + 1)/2~ + 1 (1.2) 
for any other edges ei,j, 
Pid = (i + 1 + [_(j -- i - 1 ) /2d)mod l (n  + 1)/2J + 1. (1.3) 
This embedding of Kn has the following parameters: 
1 The complete graph with two vertices may be embedded in 1 page with width 1. The complete graph with 
3 vertices may be embedded in 1 page with width 2. The complete graph with 4 vertices may be embedded in 
2 pages with widths 2. 
2x mod y denotes the remainder obtained by dividing x by y. 
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Pages widths 
pw I = n - -  3, 
pw2 = n - 3, 
for ie(3,[_n/4J + 1) and n even 
pwi = n - 2i + 2, 
for ie(3,[_n/4J + 1) and n odd  
pw~=n-2 i+ 1, 
for i~([_n/4J + 2, L(n + 2)/4J + 2)  
pwi  = L n/2 J, 
for iE (L (n  + 2) /4 /+ 3, L(n + 1)/21) 
pwi = 2i - 5. 
Book width 
bw = max 
l*ii~<L(n+l)/2 3 
The minimum page width 
min (pwi) = n/2 = pwn/4+ 1 = PWn/4+Z" 
1 <~j<~n/2 
The cumulative pagewidth 
cpw = 3(n2 - 2n). 
(pwi) = n - 3 = pwl  = pw2. 
(1.4) 
(1.5) 
(1.6a) 
(1.6b) 
(1.7) 
(1.8) 
(1.9) 
(1.10) 
(1.11) 
The K9, may be embedded in a book with width 5 instead of n - 3 = 6. 
The numbers of pages for the edges of K 9 graph 
P l ,9  = 4, 
for ie (1 ,  8 )  
Pi,i+~ = (i - 1)mod5 + 1, 
P l ,6  = 4, 
P l ,8  = 5, 
P3,9 = 3, 
for any other  edges el,j, 
P,d = [i + 1 + in t ( ( j  - i - 1)/2)] mod((n + 1)/2) + 1. 
The parameters  of the embedd ing  of K 9. 
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The widths of the pages 
for i~ (1, 5) pwi = 5, 
The width of the book 
bw = 5, 
The cumulative pagewidth 
cpw = 25. 
Finding the maximum for the functions 3(1.2)-(1.4) we may show that the number 
of pages is n/2 for even n and (n + 1)/2 for odd n. This number of pages is optimal for 
the complete graphs. 
We will now show that the above construction is correct, i.e. the edges do not 
intersect on any page. 
Lemma 1. Let n be divisible by 4, n > 4. I f  the edges of the complete graph with 
n vertices will be embedded in a book according to the expressions (1.1)-(1.3), then no 
two edges on the same page will cross each other. 
Proof. The edges ei,i+l for ie(1,  n -  1) and edge el.. do not cross any other 
edges so they may lie on any page. We have to prove that the other edges do not 
cross .  
Let us assume that the edges eilj1 and ei2.j2, so that il < j l  < i2 < j2  lie on the 
same page (the edges en,~ and e~2jz cross each other). Then 
pil,jl = piz,j2, (1.12) 
so  
[i l + 1 + int((j l  - il - 1)/2)] mod(n/2) + 1 
= [i2 + 1 + int((j2 - i2 - 1)/2)] mod(n/2) + 1, (1.13) 
and after reduction 
[il + 1 + int((j l  - il - 1)/2)] mod(n/2) 
= [i2 + 1 + int((j2 - i2 - 1)/2)] mod(n/2). (1.14) 
If both residues of the division of numbers by n/2 are equal, then the numbers are 
equal or they differ from the product of n/2, so 
il + int(( j l  - il - 1)/2) = i2 + int((j2 - i2 - 1)/2) + c(n/2) (1.15) 
for an integer number c. 
3 The max imum of the funct ion f = x rood y + 1 is y. 
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Setting i2 = il ÷ k and j2 = j l  + l, where k, 1 are positive integers yields 
int(( j l  - il - 1)//2) = k + int(( j l  + 1 - il - k - 1)/2) + c(n/2). (1.16) 
Depending on the values of the integer parts in the above equation (1.16) splits into 
the following 4 cases: 
(aa) ( j l - i l -1 ) /2=k+( j l+ l - i l - k -1 ) /2+c(n /2)  (1.17) 
or  
(ab) ( j l - i l -1 ) /2=k+( j l  + l - i l - k -2 ) /2+c(n /2)  
or  
(ba) ( j l - i l -2 ) /2=k+( j l  + l - i l - k -1 ) /2+c(n /2)  
or  
(bb) ( j l - i l -2 ) /2 - -k+( j l  + l - i l - k -2 ) /2+c(n /2) .  
The above equations easily reduce to: 
(aa) k+l=-cn  (1.18) 
or  
(ab) k+l=-cn+l  
or  
(ba) k+l=-cn-1  
or  
(bb) k+l=-cn .  
Since k and l are positive integers the sum k + l is greater than 1, in addition 
k +l <n-  l ( s ince j2~<nA1 <~il^i2 <jl),so 
1 <k+l=-cn<n-1  
or 
1 <k+/=-cn+l  <n-  1 
or 
l<k+/=-cn-1  <n-1 .  
Either of the above inequalities yields a contradiction for any positive integer c. The 
proof is complete. [] 
An example of the embedding of the complete graph constructed according to the 
given method is shown below. 
Example 1. Let us embed the complete graph K10 in a book with 5 pages. 
The numbers of pages for the edges 
P1,1o = (10 - 2)/4 + 2 = 4, 
fo r ie (1 ,9 )  P ia+l=( i+2)mod5+l ,  
for any other edges ei o, pz,j = (i + 1 + int((j - i - 1)/2)] mod 5 + 1. 
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The parameters of the embedding. 
The widths of the pages 
pwl = n -  3 = 7, pw2 = n - 3 = 7, 
pw3 = n - 2(3 - 1) = 6, 
pw 4 = n/2 = 5, pw5 = n/2 = 5. 
The cumulative pagewidth 
cpw = ~(n 2 - 2n) = ~- * 80 = 30. 
The pages of the embedding are shown in Figs. 1-5. 
Finally, we will show that the above method generates the embedding with optimal 
number of pages also for certain incomplete graphs. Let B,/2 denote the set of graphs 
with book thickness equal to n/2 for even n or (n + 1)/2 for odd n. We will show that 
the set of the complete graphs is a proper subset of B,/2. Constructing the embedding 
in a way given above for a graph belonging to the B./2 set leads to the optimal number 
of pages. 
Lemma 2. The set of the complete graphs is a proper subset of B,/2. 
Proof. We prove the lemma by showing that the book thickness of the graph 
G = K10 - e is equal to 5. Clearly, it is sufficient o prove that G cannot be embedded 
in a 4-page book. 
Let the weight of the edge denote the positive difference between the labels of the 
connected vertices. The vertices of the graph G may be labelled in the following ways: 
I. the weight of the removed edge is not equal to n/2 = 5; 
II. the weight of the removed edge is equal to n/2 = 5. 
In the second case there are 4 edges of weight (n/2) + 1; e l .v ,  e2.8, e3.9, e4.10. 
Obviously, each of these edges must lie on a different page of the book. In addition, 
there are 6 edges of weight (n/2) - l; el.5, e2.6, e3.7, e,.a, e5.9, e6.10. It is clear that the 
edge el.5 may lie only on the page with edge el.7, respectively e2. 6 with e2.a, e3.7 with 
e3.9, e4. 8 with e4.10. So the edge e5. 9 cannot be embedded on any of the 4 pages 
(Fig. 6). [] 
1 2 3 4 5 6 7 8 9 10 
Fig. 1. Page 1 of the embedding of Klo. 
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1 2 3 4 5 6 7 8 9 10 
Fig. 2. Page 2 of the embedding of K~0. 
1 2 3 4 5 6 7 8 9 10 
Fig. 3. Page 3 of the embedding of Klo. 
I 2 3 4 5 6 7 8 9 !0 
Fig. 4. Page 4 of the embedding of Klo. 
I 2 3 4 5 6 7 8 9 10 
Fig. 5. Page 5 of the embedding of Klo. 
pagei 
page 2 
page 3 
page 4 
1 2 3 4 5 6 7 8 9 10 
2 3 4 5 6 
1 2 3 4 5 6 
---.., 
7 8 9 10 
7 8 9 10 
I 2 3 4 5 6 7 8 
Fig. 6. The edges of weight 6 and 4 of the graph G. 
----.., 
9 10 
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